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Probability approach to homogenization
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Feller process Xε −→ X (central limit theorem)

Lévy-type process

• {Xt}t≥0 Markov process on the state space
(
Rd,B
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•Ptf (x) := Ex [f (Xt)], t ≥ 0, x ∈ Rd, f ∈ Bb
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• {Xt}t≥0 enjoys Feller property:
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, for all t ≥ 0,

• {Pt}t≥0 is strongly continuous:
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• Infinitesimal generator (A,DA), A : DA→ Bb
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)
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Examples

• c ≡ 0 and ν ≡ 0
=⇒ X deterministic process

• ν ≡ 0
=⇒ X diffusion process, A local operator

• b ≡ 0 and c ≡ 0
=⇒ X pure jump process

• b, c, ν constant
=⇒ X Lévy process, A nonlocal operator with constant coefficients

• sup
x∈Rd

∫
Rd |y|2ν (x, dy) <∞

=⇒ X Lévy-type process with ”small jumps”

Methods

• projection of the process on the cell of periodicity Rd 3 Xt −→ Π (Xt) ∈ T

−→

• discussion of the stochastic stability property

Proposition

Process Π (Xt) admits a unique invariant probability measure π, that is∫
T
Px (Π (Xt) ∈ B) π (dx) = π (B) , for all t ≥ 0, B ∈ B (T)

Proposition

Process Π (Xt) is geometrically ergodic, that is there exist Γ, γ > 0 such that

sup
x∈T
‖Px (Π (Xt) ∈ dy)− π (dy)‖TV ≤ Γe−γt, for all t ≥ 0,

where ‖·‖TV is a total variation norm.

• central limit theorem

Theorem {
εXε−2t − ε−1b̄∗t

}
t≥0

ε→0
=⇒ {Wt}t≥0 ,

where b∗(x) = b(x) −
∫
Bc

1(0) yν (x, dy) and b̄∗ :=
∫
T b
∗(x)π (dx), and Wt Brownian

motion determined by covariance matrix Σ given in terms of coefficients b, c and ν.

Additional assumptions

This method can be applied for process {Xt}t≥0 if

• (b(x), c(x), ν (x, dy)) periodic the cell of periodicity T,

• supx∈Rd

∫
Rd |y|2ν (x, dy) <∞,

• {Xt}t≥0 satisfies strong Feller property: Pt
(
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(
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))
⊆ Cb

(
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)

for all t > 0,

• {Xt}t≥0 is open set irreducible: Px (Xt ∈ O) > 0 for all t > 0, all x ∈ Rd and all
nonempty open O ⊆ Rd,

• x 7→ b∗(x) is in Cψ
b

(
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)

for some Hölder exponent ψ,

• for some t0 > 0, all t ∈ 〈0, to] and all T-periodic f ∈ Cb
(
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)

there exists C(t) s.t.

‖Ptf‖ψ ≤ C(t) ‖f‖∞ i
∫ t0

0 C(t)dt <∞,

• for some λ > 0 and all T-periodic f ∈ Cψ
b

(
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s.t.
∫
T
f (x)π(dx) = 0 Poisson equation

λu−Au = f

admits a unique T-periodic solution uλ,f ∈ Cρψ
b

(
Rd
)

for some Hölder exponent ρ
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a Lévy-Type Process with Small Jumps, J. Evol. Equ., 30
pp, (2020)
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